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First then, a graphic account of the flexible beauty of epicycle-on-deferent. Let Ptolemy himself introduce the subject:
... the epicycle is made to move in longitude in the order of the signs in a circle concentric with the Zodiac [i.e., from west to east], while the planet moves on the epicycle at a velocity which is the same as that of the anomaly; on that part of the epicycle farthest from the earth the motion is direct.2 Ptolemy here describes that example of epicyclical motion which is now the staple illustration in history of science textbooks (Figure 1 ). 
It is said of Herakleides that he envisaged such a motion for
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Herakleides of Pontus, in describing the path of Venus and the sun, and assigning one midpoint for both, showed how Venus is sometimes above and sometimes below the sun.3
Vitruvius amplifies this:
Mercury and Venus make their retrogradations and retardations around the rays of the sun, making a crown, as it were, by their courses about the sun as center.4
Martianus Capella is even more explicit:
Venus and Mercury ... place the center of their orbits in the sun; so tllat they sometimes move above it and sometimes below it, i.e., nearer the earth ... the circles of this star [Mercury] and Venus are epicycles. That is to say, they do not include the round earth within their own orbit, but are carrie(d around it latterly, as it were.5 With only this much of the story of epicycle-on-deferent told, it would indeed appear that the ancient's astronomical tasks were Sisyphean. The complex trajectories of comets, and the erratic wobblings of double stars, not to mention the retrogradations-in-latitude of Mars and Venus, all seem to be motions which would in principle elude such a primitive technique. But this is wrong. And it is wrong ever to let it even sound as if there were dynamically significant motions which could not be captured by Ptolemy's methods. have registered startled, incredulous reactions. Before having seen these figures, they were inclined to regard such resultant "orbits" as non-constructible by the use of epicycle and deferent alone. Observers had to be assured that no trick, or juggling of the epicycle speeds has been responsible for these sharp-cornered figures.
It will be noted, however, that both "orbits" immediately above are described with a rather broad line. This is theoretically significant. But since the second objective of this paper is embodied in the explanation of why this line is broadened, let us return later to a detailed account of the matter.
Consider, first, a few more orbital possibilities contained within the ancient technique. By letting a second epicycle ride along on the first, a complex variety of ellipses are constructible (Figure 9 ).
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Indeed, by varying the revolutional speeds of the secondary epicycles, a virtual infinitude of bilaterally-symmetrical curves can be produced (Figure 10 ). Even Kepler's intractable oviform curve, to determine the equations of which he implored the help of the world's geometers,1' can be approximated quite closely with a third epicycle (Figure 11) . Some extraordinarily complex, periodically-repetitive configurations are also constructible (Figure 12) .
In fact, as will be proved presently, an infinitude of non-periodic "orbits" can also be generated. Simply increase the size of the bundle of epicycles riding on a given deferent, and vary at will the speeds and directions of revolution of the component epicycles. Clearly, the range of complexity for the orbits resulting from the epicycle device is unlimited. There is no bilaterallysymmetrical, nor excentrically-periodic curve used in any branch of astro- 2 Bilaterally-symmetrical, and excentrically periodic orbits that are curvilinear these are one thing, but rectilinear polygons are quite another. Let us return now to the square and the triangular "orbits" depicted above. No one will doubt the formal power of an astronomical-geometrical technique which could even permit a planet to move in a square if need be. We have never put so heavy a demand on our own contemporary techniques -though we could do so if the heavens required it. The point is that Apollonius, Hipparchus, and Ptolemy could, in principle, have done the same thing as ourselves, had the heavens required it of them.
The algebraic demonstration to follow will show that, for all practical astronomical purposes (in the twentieth century as well as in the second), one could, with a finite number of epicycles, generate a square orbit.
More precisely, if the square in question is a visible square -i.e., if the lines of which it is constructed have some detectable breadth as well as length then that square is the possible resultant orbit of some finite combination of epicycles. Choose some arbitrarily small number c, as small as you please but greater than zero; it is possible to get the sinusoidal "wiggle" (typical of epicyclical constructions) along the lines constituting the square so small that the amplitude of the wiggle, i.e., the distance between its crests and troughs, will be smaller than e. And all this with a finite number of epicycles. Theoretically, of course, there must always be some slight cusp at the vertices of the square so long as the epicycles remain finite in number. The cusps will disappear, theoretically, only when the number of constituent epicycles has gone to infinity. But in this case the number e will have gone to the limit zero; the square in question would then be composed of Euclidean straight lines (i.e., one-dimensional curves), in which case the square would no longer be visible anyhow. Thus, no matter how finely the square is drawn, if it can be seen, there is some finite number of epicycles of whose resultant motion the square is the construct. The formal proof of this is as follows.
The Representation of an Arbitrary Periodic Motion in the Plane Considered as a Superposition of Circular Motions
A. Let us represent points in the plane by complex numbers z = x + iy = re; the corresponding Cartesian coordinates will be (x,y), and the corresponding polar coordinates will be (r,O).
Remember that the addition of two complex numbers the distance between corresponding points of these two orbits remains less than e for all time.
Thus the original orbit, z = f(t), can be replaced, with as small a loss in accuracy as we please, by an orbit z = SN(t); that is, some finite superposition of epicycles.
H. The function defining a square or a triangular "orbit" satisfies these conditions completely; the above considerations therefore apply without qualification to these special cases illustrated earlier in this paper. To conclude this examination of the elegance, flexibility and power of epicycle-on-deferent astronomy, three further observations are in order.
1. All of our diagrams have been presented in the plane. But this is only a technical limitation, and should not obscure the fact that geocentric astronomy was designed as much to cope with a planet's aberrations in latitude as with those in longitude. Merely by inclining the epicycle's axis of rotation, further variations normal to the plane are easily achieved. By a simple extension of the proofs set out above, it would be possible to move a point (within a finite framework of epicycles) over the surface of a cube, a pyramid, an ovoid-or indeed, over any solid figure of which the foregoing diagrams may be construed as sections. This possibility is built into the ancient technique.
2. Formally speaking, epicycle theory is far from being "a closed book." The famous "brachistochrone" problem introduced by Johann Bernoulli (Acta eruditorum, 1696) has affinities with epicyclical motion considered as under the influence of gravity alone. This problem, along with the so-called "isoperimetric" problem, led historically to the development of the calculus of variations by Euler and Lagrange, and ultimately (through Maupertuis, Fermat and Hamilton) into the general theory of variational principles which has become such a powerful formal tool in mechanics, optics, electrodynamics, and in relativity and quantum theory. In more than one place the modern physicist must face dynamical problems which are closely analogous to the very difficulties which the intrepid Ptolemy faced. Indeed, some of his problems require, even today, the most careful analysis for their full solution.
3. It is hardly necessary to point out that our own lunar motions, as well as those of the satellites of Mars, Jupiter and the other planets, are almost purely epicyclical. Our moon faithfully describes what is basically an epicycle moving on a deferent (the earth's orbit) excentric to the sun. Moreover, subtle variations in the ellipsoidal character of the earth's orbit, as well as in the moon's own librations and perturbations, stretch epicycle theory to its utmost as a descriptive astronomical tool. Had he possessed all the data we have, Ptolemy would have been quite at home with our problems of lunar dynamics.
These points are mentioned only to stress further what is behind this article, viz., that Ptolemy's mathematics was, in principle, as powerful, at least for the special problems before him then, as is our own in dealing with these same problems. The ancient technique of epicycle-on-deferent, far from being but a relic of the past, is not dispensable even today.
